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ABSTRACT
Equidimensional Adic Eigenvarieties for Groups with Discrete Series

Daniel Robert Gulotta

We extend Urban’s construction of eigenvarieties for reductive groups G such that
G(R) has discrete series to include characteristic p points at the boundary of weight
space. In order to perform this construction, we define a notion of “locally analytic”
functions and distributions on a locally Q,-analytic manifold taking values in a com-
plete Tate Z,-algebra in which p is not necessarily invertible. Our definition agrees
with the definition of locally analytic distributions on p-adic Lie groups given by

Johansson and Newton.
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1. INTRODUCTION

The study of p-adic families of automorphic forms began with the work of Hida
[Hid86,Hid88,Hid94]. Coleman and Mazur |[CM98,|Co0l96|/Col97] introduced the eigen-
curve, which parameterizes overconvergent p-adic modular forms of finite slope. Cole-
man and Mazur used a geometric definition of p-adic modular forms, based on the
original definition of Katz [Kat73]. It is also possible to define p-adic automorphic
forms using a cohomological approach. Several constructions of eigenvarieties are
based on overconvergent cohomology, introduced by Stevens [Ste94] and later gen-
eralized by Ash-Stevens |[AS08]. These include the constructions of Urban [Urbll]
and Hansen [Hanl5|. Emerton |[Eme06b] has also constructed eigenvarieties using a
somewhat different cohomological approach.

The eigenvarieties mentioned above are all rigid analytic spaces, so they parame-
terize forms that have coefficients in Q,-algebras. Recently, there has been interest in
studying forms with coefficients in characteristic p. Liu, Wan, and Xiao [LWX17] con-
structed Z,[Z, ]-modules of automorphic forms for definite quaternion algebras. By
taking quotients of this module, one can obtain both traditional p-adic automorphic
forms and forms with coefficients in IF,[Z] whose existence had been conjectured
by Coleman. Using these modules, Liu, Wan, and Xiao proved certain cases of a
conjecture of Coleman-Mazur and Buzzard-Kilford [BKO05| concerning the eigenval-
ues of the U, operator near the boundary of the weight space. Andreatta, Iovita,
and Pilloni [AIP] constructed an eigencurve that included characteristic p points by
extending Katz’s definition of p-adic modular forms.

In this paper, we will show how Urban’s eigenvarieties can be extended to include

the characteristic p points at the boundary of weight space.



In order to explain our results in more detail, we will first describe the basic idea of
overconvergent cohomology. Let G be a reductive algebraic group over QQ such that
G(Q,) is quasisplit. Let A be the adeles over Q, let AZ} be the finite adeles away from
p, let GI be the identity component of G(R), and let Zg be the center of G. Let Ty
be a maximal compact torus of G(Q,), and let N be an open compact subgroup of

a maximal unipotent subgroup of G(Q,). We may consider the space
X = G(A)/KPG,

as a locally Q,-analytic manifold. Let F' be a finite extension of Q,, and let X :
Ty — F* be a continuous homomorphism. Let D.) be the space of compactly
supported F-valued locally analytic distributions on X', modulo the relations that
right translation by IV, acts as the identity, right translation by 7§ acts by A, and
translation by Z5(Q) acts by the identity. One may think of the cohomology groups
HY(G*(Q), D,.,) as spaces of p-adic automorphic forms. One can also study families
of p-adic automorphic forms by replacing F' with an affinoid Q,-algebra A.

There is no need to limit ourselves to Q,-algebras, however. The only real constraint
on A is that we must be able to define reasonable notions of locally analytic A-valued
functions and distributions on X'. We will give such a definition when A is a complete
Tate Z,-algebra.

To see what the definition should be, we recall a fact from p-adic functional analysis:
a function f : Z, — Q, is locally analytic if and only if it is of the form f(z) =
o g an (2), where a, € A and |a,|, go to zero exponentially as n — oco. We will
therefore define the space A(Z,, A) of “locally analytic” functions Z, — A to be the
set of functions of the form >~ a, (2), where a,, € A and a,, to to zero exponentially

(i. e. @ ™a,, goes to zero for some topologically nilpotent unit ) as n — oo. If p is



invertible in A, then this definition is known to coincide with the usual one. We will
make a similar definition for locally analytic functions Z’; — A, and then extend the
definition to locally Q,-analytic manifolds by gluing.

If X is a locally Qp-analytic manifold, then we will define modules A(X, A),
D(X,A), A(X, A), D.(X, A) of locally analytic functions, distributions, compactly

supported functions, and compactly supported distributions, respectively.

Theorem 1.1. The modules A(X, A), D(X, A), A.(X, A), and D.(X, A) satisfy the

following properties:

(1) A(X,A) is ring.

(2) If g : X — Y is a locally analytic map, then composition with g induces
homomorphisms A(Y, A) — A(X, A) and D(X, A) — D(Y, A).

(3) The functors U — A(U, A) and U — D.(U, A) are sheaves on X .

(4) If X has the structure of a finitely generated Z,-module, then any continuous
group homomorphism X — A* is in A(X, A).

In [Urb11], Urban constructed eigenvarieties for reductive groups G such that G(R)
has discrete series. We will show how to use the locally analytic distribution modules

mentioned above to extend Urban’s construction to include characteristic p points.

Theorem 1.2. The reduced eigenvariety constructed in [Urb11] extends to an adic
space € over the weight space W = Spa(Z,[T"], Z,[T'])*", where T" is a quotient of a
compact subgroup of a mazimal torus in G(Q,). Furthermore, £ is equidimensional

and is finite over the spectral variety Z.

We will also correct an error in [Urbl1]. In order to argue that certain character

distributions are uniquely defined, Urban assumed that the region of convergence of
3



an Eisenstein series is (up to translation) a union of Weyl chambers. However, this
assumption is not true. We will give a new argument for uniqueness.

As this work was being prepared, I became aware that Christian Johansson and
James Newton were independently pursuing similar work. In [JN], they adapt Hansen’s
construction of eigenvarieties to include the boundary of weight space. Their defini-
tion of locally analytic distributions on Z’; is essentially the same as ours. To construct
distributions on p-adic Lie groups, they use a particular choice of coordinate charts
previously studied by Schneider and Teitelbaum. Our definition of locally analytic

distributions therefore generalizes theirs.

2. MODULES OVER COMPLETE TATE RINGS

We will repeat the basic setup of [Buz07,|AIP]. Throughout this section, A will

denote a complete Tate ring.

2.1. Definitions.

Definition 2.1.1. Let X be a quasi-compact topological space, and let M be a
topological abelian group. We define C(X, M) to be the space of continuous functions

X — M, with the topology of uniform convergence.

Definition 2.1.2. Let S be a set, and let M be a topological abelian group. We
define ¢(S, M) to be the space of functions f : S — M such that for any open
neighborhood U of the identity in M, the complement of f~1(U) is finite. We give

c(S, M) the topology of uniform convergence.

Definition 2.1.3. Let M be a topological A-module. We say that M is orthonor-
malizable if it is isomorphic to ¢(.S, A) for some set S. We say that M is projective if

it is a direct summand of an orthonormalizable A-module.
4



Definition 2.1.4. Let M be a topological A-module. We say that a set B C M is
bounded if for all open neighborhoods U of the identity in M, there exists a € A* so
that B C U.

Definition 2.1.5. Let M and N be topological A-modules. We define L£,(M, N) to
be the set of continuous A-module homomorphisms M — N, with the topology of

convergence on bounded subsets.

Definition 2.1.6. Let M and N be topological A-modules. We say that an A-
module homomorphism M — N has has finite rank if its image is a finitely generated
A-module. We say that an element of L£,(M,N) is completely continuous if it is in

the closure of the subspace of finite rank elements.
2.2. Spectral theory.

Definition 2.2.1. We define A {{X}} to be the set of power series P(X) = > a, X",
a, € A, such that for any a € A*, a™"a,, — 0 as n — oo.

We say that P(X) € A{{X}} is a Fredholm series if it has leading coefficient 1.

If the adic space Spa(A, AT) x A! exists, then A {{X}} is its ring of global sections.

Now assume A is Noetherian. If M is a projective A-module and u : M — M is
completely continuous, then we define the Fredholm series P(X) = det(1 — Xu) €
A{{X}} as in |[Buz07,AIP].

As in [Urb11], we will need to work with complexes. Let M*® be a bounded complex
of projective A-modules. We will say that u® : M* — M* is completely continuous if

each u' is completely continuous. If u® is completely continuous, then we define

det(1 — Xu®) Hdet ( D'



Lemma 2.2.2. Let M*® be a bounded complex of projective A-modules, and let u®,v® :
M?® — M?* be completely continuous maps that are homotopy equivalent. Then det(1—

Xu®) = det(1 — Xv*).

Proof. The coefficients of det(1 — Xu®)~! are the traces of u® acting on the “super-
symmetric powers” of M®. The kth supersymmetric power of M*® consists of formal
products of k£ elements of M*®, subject to the relation that elements of odd degree
anticommute with each other and all other pairs of elements commute. So it suf-
fices to show that u® and v* have the same trace. Then we may use the argument

of [Urb11, Lemma 2.2.8].

2.3. Norms. It is often convenient to work with norms on A and on A-modules.

Definition 2.3.1. Let a be a topologically nilpotent unit of A. We define an a-
Banach norm on A to be a continuous map | - | : A — R2? satisfying the following
conditions.

e |a+ b <max(|al,|b|) Va,be A

e |ab| < |a||b] Va,be A

o [0]=0, [1] =1, [afla”!| =1

e The norm | - | induces the topology of A.

Definition 2.3.2. Let « be a topologically nilpotent unit of A, let |-| be an a-Banach
norm on A, and let M be a topological A-module. We define a | - |-compatible norm
on M to be a continuous map || - || : M — R=Y satisfying the following conditions.

o [[m+n| < max({|m]], [[n]]) Vm,ne M

o |lam]| <lal[lm| Vae A, meM

e [[0] =0

If, in addition, || - || induces the topology of M, we say that || - || is a Banach norm.
6



For any topologically nilpotent unit @ € A* and ring of definition Ay of A contain-

ing a, the function |- |: A — R2° defined by

la| = inf  p"

neZlama€Ag

is an a-Banach norm.
Furthermore, if M is a topological A-module and M is an open neighborhood of

zero in M that is an Ag-module, then the function || - || : M — R=? defined by

is a norm compatible with | - |. If the sets of the form o"M, are a basis of open

neighborhoods of zero, then this norm is Banach. U

3. LOCALLY ANALYTIC FUNCTIONS AND DISTRIBUTIONS

Now let A be a complete Tate Z,-algebra, and let X be a locally Q,-analytic
manifold. In this section, we will define modules A(X, A) and D(X, A) of “locally
analytic” A-valued functions and distributions on X.

The space X can be covered by coordinate patches isomorphic to Z’; for some k.
We will first define locally analytic functions on these patches and then show that

the construction can be glued.

3.1. Preliminaries. We will recall some basic facts about p-adic functional analysis.
We will make use of the completed group ring Z,[Z;] = lim Z,[Z; /p"Z;).
For z € Z, let [2] denote the corresponding element of Z,[Z}], and let A, = [2]—[0].
Let I denote the augmentation ideal of Z,[ZF]; this is the ideal generated by the

A,. The maximal ideal of Z,[Z}] is (p) + Ia.
7



We let Zy act on C(Z, M) by translation: for g € C(Z}, M), (29)(y) = g(y + ).
This action extends to an action of Z,[ZE].
To simplify notation, if z = (z1,...,2z) € Z}, and n = (ny,...,n;) € N¥, we will

write (Z) for 1, ('), and we will write Y n for S

ng

Lemma 3.1.1 (Mahler’s theorem, [Laz65, Théoreme 11.1.2.4]). Let M be a complete
topological Z,-module. Suppose that M has a basis of open neighborhoods of zero
that are subgroups of M. There is an isomorphism ¢(N*, M) = C(ZE, M) that sends
f € c(NF, M) to a function g € C(ZE, M) defined by
z
o)=Y fo (7).
neNk

We say that the right-hand side of the above equation is the Mahler expansion of

Lemma 3.1.2 (Amice’s theorem). Let F be a closed subfield of Cy,, and let LAL(ZE, F)
be the space of functions Z’; — F that extend to an analytic function Z’;—l—ph(?{ép — C,.

For f € LAL(ZE, F), define

[fl=="sup [f(2)]p-

k h Ok
2€Zg+p O(Cp

Then the functions L%J .. “%J ‘(2) form an orthonormal basis for the Banach space

LAh(Z’;, F). In other words, every f € LAh(Z’;, F) can be expressed uniquely in the

o= En 3 [210)

form

and | f| = sup,ens |anlp.

Proof. This follows from |[Ami64, Chapitre 3| (see also [Coll0, Théoreme 1.4.7]). O
8



The following formulas concerning the p-adic valuations of n!, where n is a non-

negative integer, are well-known.

Consequently, if F' is a closed subfield of C,, and f : Zk — F'is a continuous function
with the Mahler expansion f(z) = > an( ) then f is locally analytic if and only

if |a,|, go to zero exponentially in ) n.

3.2. Definitions. The above facts suggest that we should define a function Z’; — A
to be “locally analytic” if the coefficients of its Mahler expansion decrease to zero
exponentially.

We choose a topologically nilpotent oo € A*.

Definition 3.2.1. Let r € RT. We define A" (Zk, A) to be the space of functions
fe C(Z’;, A) such that for any open neighborhood U of zero in A, there exists N € N
so that for all integers n > N and all § € I}, al™™I6f € C(Z’;, U).

For any open neighborhood U of zero in A, we define U, C A(O"T)(Z’;, A) to be the
set of all f € A@)(ZE A) such that al =™l f € C(ZE,U) for all n € Nand all 6 € I3,
We define a topology on A7) (U, A) by making sets of the form U, a basis of open

neighborhoods of zero.

We define A(Z}, A) = lim Aln)(ZE A).

The connection between this definition and Mahler expansions will be explained
by Lemma |3.2.3

The definition of A(a’r)(Z’;, A) is invariant under affine changes of coordinates.
9



For any topologically nilpotent unit o/ € A* and sufficiently small ' € R*,
A (ZE A) injects into A®T)(ZE, A). So the directed systems (A@7)(ZE, A)), e+
and (A©@") (ZE, A))per+ are cofinal, and A(ZE, A) does not depend on the choice of a.

If F is a closed subfield of C,, then there are continuous injections with dense image
—1)ph T
A®Y =D (ZE By s LA (ZE, F) — APD(ZE, F)

for any r < m, so the directed systems (AP™(ZE F)),cp+ and (LAL(ZE, F))pen
are also cofinal.
The module A@")(ZE A) can also be defined (albeit less symmetrically) using a-

Banach norms. Choose a ring of definition Ay of A, and define an a-Banach norm
|-]: A — R=2% as in section . Define || - [|o : C(Z;, A) — R=° by
[fllo = sup [f(2)]-

z€Zk

Then
Alen(zk A) = {f €C(Zk, A)

lim sup sup |al=™5f|, = O} ,

n—oo  del}

and we define | - [|, : A@"(ZE, A) — R=0 by

£l = sup sup [[al ™5 f o
N sely

ne

The functions || - || and || - ||, are Banach norms compatible with | - |.

Presumably, it would be reasonable to define A" (Z%5 M) and A(ZE, M) for any
topological A-module M that is locally convex in the sense that for some (equivalently,
any) ring of definition Ay of A, M has a basis of open neighborhoods of the identity
that are Ag-modules. (We would just replace A with M in the above definition.)

However, we will not need this additional generality.

10



Definition 3.2.2. Let r € R*. We define D(*") (Z%, A) to be the closure of the image
of Ly(C(ZE, A), A) in L,(A@(ZE, A), A).
We define D(X, A) = lim D*"(X, A).

The definition of D(X, A) does not depend on the choice of «.
We chose the definitions of A" (X, A) and D" (X, A) so that these modules

would be orthonormalizable, as we will now show.

~

Lemma 3.2.3. There is an isomorphism Ser : c(NF, A) = A@"(ZE A) that sends
f € c¢(NF A) to a function g € A7) (ZE, A) defined by

(3.2.4) g(z) = al" =l f(n) (Z> .

n
neNk

There is an isomorphism Ev : D"(ZE A) = ¢(NF, A) that sends ¢ € D) (ZE, A)
to a function f € ¢(N¥, A) defined by

(3.2.5) f(n) = al"Emg ((;)) .

Hence A" (X, A) and D' (X, A) are orthonormalizable.

Proof. Let f € ¢(NF, A), and let g be defined by (3.2.4). By Mahler’s theorem,
g € C(X,A). We observe that for any h € C(X, A) and & € Z,[Z;], [|6hllo < [[Allo-
Furthermore, if § € I}, then 5( ) = 0 whenever ' n < m. So

z
n

Jal=mlbglly < sup [al=rm I E ()

> n>

It follows that g € A(a’r)(Z'If, A), and Ser is continuous.
11



We can recover f from g using the relation
F(n) = ol =" (AL AL)(0)

where ey, ..., e are the standard basis for Z. Since |f(n)| < supse (s, [|0gllo, the
above relation induces a continuous map Coeff : A(O"”)(Z’;,A) — ¢(Zy, A) that is
a left inverse of Ser. To see that Coeff is also a right inverse of Ser, observe that
(Ser o Coeff)(g) and g agree on N¥, which is dense in Z.

The map Ser induces an isomorphism Ser* : L,(A®")(ZE, A), A) = L,(c(NF, A), A).
The pairing ¢(N¥, A) x ¢(N*, A) — A defined by (f,g) — Y, f(n)g(n) identifies
¢(N¥, A) with a submodule of Ly(c(N¥, A), A). For any ¢ € L,(C(Z}, A), A), the func-
tion n — ¢ ((;)) is bounded, so in particular a!"2"1¢ ((Z)) — 0 as > . n — oo.
Hence the image of Ser* is contained in ¢(N¥, A). Furthermore, the image contains all

elements of ¢(N¥, A) that are supported on a finite subset of N* and these elements

are dense in ¢(N¥, A). O

Lemma makes it clear that for " < r, there are natural injections
DN (Zy, A) = Lo(AT(Zy, A), A) — D (Zy, A)
ACTNZE, A) — L,(D(ZE, A), A) — AT)(ZE, A).
3.3. Properties of locally analytic functions and distributions. In this section,

we check that A7) (Z’;,A) has some properties that one would expect of locally

analytic functions.

Lemma 3.3.1. Multiplication induces a continuous map A" (ZE, A)x A (ZE A) —

Al (Z] A).
12



Proof. This follows Lemma and the fact that for m,n € N, (2) (;L) is of the form
Z;ngn az( ) with a; € Z. dJ

Lemma 3.3.2. Let
f : C(lev ZP) - C(ZinZP)

be a homomorphism of Z,-modules. For any complete Tate ring A and any r,s € R,

there is at most one continuous A-linear homomorphism f making the diagram
C(Zk, 7,) —— C(ZE, A) «—— Alen)(ZE A)
lf l If
C(Z1,Z,) — C(Z3, A) +—— Al 5)(Zg,,A)
commute, and there is at most one continuous A-linear homomorphism f* making

the diagram

HOmZp(C(Z%,Zp),Zp) E— 'Cb(C(Zi,,A),A) SN D(a’s)(Zg’,A)

i 1

Homzp(C(Z’;,Zp),Zp) — Eb(C(Z’;,A),A) «— D) (Z’;,A)
commute. If either homomorphism exists, we say that it is induced by f.
Let A be a complete Tate ring, and let a € A* be a topologically nilpotent unit.
There ezists to € RT so that for any r,s € RY and any Z,-module homomorphism

f:C(Zk, Z,) — C(Z}, Zy) that induces a continuous homomorphism
APNL;, Qp) = AP(L},Qy)
f also induces continuous homomorphisms
AT(ZE, A) — A7, A)

DD (73, A) — Dr(ZE, A)

for allt € (0,%).
13



Proof. We look at the matrix coefficients of f in the basis of Lemma [3.2.3] Write

()= Ze(i)

mez,
With anm € Z,. If the restriction A™(ZE A) — A (Z A) exists, its matrix
must have entries al"2n=s2m)tlq  Such a matrix defines a continuous map if and
only if the following two conditions are satisfied.
(1) alrXn=s2mily  are bounded.
(2) For any fixed n, alrXn=sXmitlg 0 as > m — oco.
The terms with 7> n — s> m > 0 are certainly bounded, so we only need to worry
about terms with 7> n — s> m < 0. There exists a positive integer ¢ so that
p’/a is power bounded. If the plr=n=sXmittlg are bounded (resp. go to zero as
Y m — o0), then the same will be true of al"2Zr=sXmig — So we may take
to = (1.
The map D)(Z], A) — D*r)(Zk A) exists if and only if condition (1) above
and the following condition are satisfied.
(2') For any fixed m, alrZn=s2mitlq s 0 as > n — oo.

Since apy, € Z, and al™2m — 0 as Y- n — oo, (2) will always be satisfied. O

e, . y k . .
Proposition 3.3.3. Let g : Z), — Z, be a (globally) analytic function. For some
ro € RY depending on o but not on g, 7, k, composition with g induces continuous

A-linear homomorphisms
a,r k a,s j
AT (ZE, A) — A (7], A)

a,s j a,r k
D) (Zi, A) — D7), A)

for all s <r <rg.
14



Proof. There are continuous maps
AP I(ZE Q) = LA(ZE Q) Ly LAGZS, Qy) » APCD-9(z], Q)

for any € € (0,1/(p —1)). Applying Lemma then yields the desired result. [

If j =1, then the maps exist even if r = s. We do not know if the same is true for
j > 1. Essentially, when j = 1, one can prove existence using norms on LA along

with the fact that v,(n!) —Zle vp(m;!) > | (n—=>_m)/p]|. (The same idea will be used

in the proof of Proposition M) However, for j > 1, 327_ v,(n;!) — Zle vp(my!)

can be zero for arbitrarily large values of Y n — > m.

Proposition 3.3.4. Let S be a set of coset representatives of Z’;/pZ’;. The homeo-

morphism Z’; xS 5 Z’; defined by (z,s) — pz + s determines an isomorphism
C(Zy, A) = C(Zy, AP

which induces isomorphisms

k

a,r k ~ a,pr k
Al )(ZzﬂA) ~ Aplep )(ZP,A)@’)

Dlen)(zk, A) = plaw) (zk Ayt

for all sufficiently small r € RT.

Proof. We will again apply Lemma [3.3.2l As multiplication by p does not mix co-
ordinates, it is sufficient to check the case £ = 1. It is then enough to check that

composition with the function

9(z) = pz
15



defines a continuous homomorphism
2
A(p71/2p )(Zp7 @P) — A(p71/2p) (Zp’ @P)
and that composition with the function

z/p, z € pl
h(z) = ’

0, z €L,
defines a continuous homomorphism
2
A(p’lmp)(zpa Q) — Alpt/2p )(va Q).
Define ., by by

() -Zwe) () -2e()

We just need to verify that:

Applying Lemma [3.1.2] gives

Up(tnm) — vp(ml) = —vp(n/p]!) .

For n > pm this implies

p(@um) 2 ) ([m/p'] = [n/p™]) = [m/p —n/p*| .
= 16



Similarly, Lemma [3.1.2] implies

[e.9]

Vp(bpm) > Z (|m/p*] = [n/p']) > |m/p* —n/p| .

Lemma 3.3.5. Any continuous homomorphism X : Zk — A* is in A(Z}, A).

Proof. Lemma 3.3.1] allows us to reduce to the one-dimensional case, and Proposition
allows us to replace ZF with an open sub-lattice. So it suffices to consider the

case where k = 1 and (A\(1) — 1)/« is topologically nilpotent. In that case, since
o Py .
A= (Z) o -
A€ A@D(Z,, A). O

Lemma 3.3.6. For any 0 < s <r, the inclusions A" (ZE A) — A@)(Zk A) and

D) — Dr)(ZE A) are completely continuous.

Proof. In the orthonormal bases of Lemma [3.2.3] these inclusions are represented by
diagonal matrices with diagonal entries of the form al"Xm=lsX7l Ag S n — o0,

the entries go to zero. ([l

3.4. Gluing. Propositions [3.3.3] and [3.3.4] show that it makes sense to define locally

analytic functions and distributions on arbitrary locally Q,-analytic manifolds by

gluing.

Definition 3.4.1. Let k be a nonnegative integer, and let X be a locally Q,-analytic

manifold of dimension k. Choose a decomposition X = | |,.; X; for some index set 1,
17



and choose an identification of each X; with Z’;. We define

AX,A) = JJAX,A)
A(X,A) = %A(Xi,A)
D(X,A) = éD(Xi,A)
D,(X,A) = ﬁD(Xi,A).

i€l

By Propositions [3.3.3| and [3.3.4] the above definitions do not depend on the choice

of decomposition, and the functors U +— A(U, A) and U +— D.(U, A) are sheaves on
X.

3.5. Geometric interpretation of distributions. Suppose that the Tate algebra
A(Ty, ..., T,) is sheafy for each nonnegative integer n. The modules of locally analytic
distributions have an alternative interpretation as rings of sections of adic spaces. This
interpretation will not be used elsewhere in the paper, but it gives further evidence
that our definition of distributions is reasonable.

Let D = Spa(Zp[ZL], Zp[ZL]). Let A™ be an open and integrally closed subring of
A. Let Y = D Xgpaz,,2,) Spa(A, AT). We can construct Y as follows. There is an
isomorphism Zy [Ty, ..., Ty] = Z,[Z}] that sends T; — A.,, where the e; form a basis
of ZF. For any positive rational r = m/n, let B, = A(Ty, ..., T, T{" /o™, ..., T} ™),
and let B;Y be the normal closure of A™ (T}, ..., T, T{*/a™, ..., T" /a™) in B,. Then Y

is formed by gluing the affinoids Y, := Spa(B,, B;").
18



There are canonical isomorphisms

Homg, (C(Z), Z,),Z,) = Op(D)
D(ZE,A) = Oy(Y)

DNz A) = Oy(Y,) VreQb.

4. OVERCONVERGENT COHOMOLOGY

We mostly repeat the setup of [Urbll|, except that we make use of the modules

defined in section Bl

4.1. Locally symmetric spaces. Let A (resp. Ay, AI}) be the ring of adeles (resp. fi-
nite adeles, finite adeles away from p) of Q.

Let G be a connected reductive algebraic group over Q. We will assume that G(Q,)
is quasisplit. Let B, T, N, N~ be compatible choices of a Borel subgroup, maximal
torus, maximal unipotent subgroup, and opposite unipotent subgroup, respectively,
of G(Q,). Let I be an Iwahori subgroup of G(Q,) compatible with B. Then I admits
a factorization I = NoTyN; , where Ny = N~ NI, Ty =T NI, No= NnNI. Let
KP? be an open compact subgroup of A%, and let K = K?I. Let GI, be the identity
component of G(R), and let K., be a maximal compact modulo center subgroup of
GL. Let Zg be the center of G.

The space

X = G(A)/KPGY,

may be considered as a locally Q,-analytic manifold. In section [3| we defined the
module D (X, A) of “locally analytic” compactly supported A-valued distributions

on X.
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Let A be a complete Tate Zy-algebra, and let A : T, — A* be a continuous
homomorphism. By Lemma [3.3.5] A € A(T}, A). We will assume that ker A contains
Za(Q)KPGL, NTy. We define D, (X, A) to be the quotient of D.(X, A) obtained by
constraining right translation by NV, to act by the identity, right translation by 7} to
act by A, and translation by Z5(Q) to act by the identity.

The group G(Q)* acts on D, (X, A) by left translation. Moreover, D, (X, A) is

ad

a direct sum of modules induced from much smaller subgroups of G(Q)**. We can

write G(A) as a finite union
= |_| G(Q)g:GLK .
Let I'; be the image of ¢;G% Kg; ' N G(Q) in G(Q)*!. Then
Dox(X, A) @Ind " Da(gid, A)

where D, (g;I, A) is the quotient of D(g;I, A) obtained by constraining right transla-
tion by N, to act as the identity and right translation by 7j to act as A.
The existence of the Iwahori factorization implies that the map Ny — g¢;I given by

n + g;n induces an isomorphism of A-modules
D(N(), A) :> D)\(gzl, A) .

This identification induces a I';~action on D(Ny, A), which can be described as follows.
Any x € I has an Iwahori factorization z = n(z)t(z)n™ (x) with n(x) € Ny, t(z) € Ty,
n (r) € Ny, and the functions n, t, and n~ are analytic. The action of I'; on

D(Ny, A) is given by

v - [z] = At(g; "vgiw)) n(g; ' ygix)]
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for v € T';, x € Ny. Here [z]| denotes the Dirac delta distribution supported at z.

Now consider the locally symmetric space
Sa(K) = GQN\G(A) /KK .
Then S¢(K) = | |, ); where

We say that K is neat if all of the I'; are torsionfree. If that is the case, then each Y

is a manifold with fundamental group T';.

The manifold Sg(K') has a Borel-Serre compactification Sg(K'), which is homotopy

equivalent to S¢(K). Any finite triangulation of Sg(K) determines a resolution

where the C;(I';) are free Z[I';]-modules of finite rank and d is the dimension of S¢(K).

We define a complex C3 by
¢4 == @ Homy, (C;(I';), Da(g:l, A)).

Then
RI*(G(Q)™, Dea(X, A)) = €D RI* (I, Da(g:l, A)) = C5

in the derived category of A-modules.
4.2. Hecke action. We choose a projective resolution
.. = C(G(Q)™) = Cy(G(Q)*™) - Z — 0
of Z as a G(Q)*-module as well as maps of complexes of T';-modules Co(T';) —

Co(G(Q)2) and C,(G(Q)*d) — C,(T;) that are homotopy inverses of each other.
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Then any f € Endgg)aa(Der(X, A)) defines an operator [f] € End (C3) by
= @ Homr, (C;(G(Q)™), Da(gil, A))

= Homy(gyea (C5(G(Q)*), Den (X, A))
f a
- HomG(Q)ad (C] (G<Q) d)? Dc,x\<X7 A))
= €D Homr, (C;(G(Q)*), Da(gil, A))
—CY.
For any f, g, [f]lg] is homotopy equivalent to [fg].
For any g € G(A%), the double coset operator K?gK? acts on D, and determines
a Hecke operator [KPgK?] on Cf.

Let
T-={teT|t "Nyt C Ny} .

For t € T, the double coset operator N, tN; acts on D, » and determines an operator
[Ny tNy | on Cy. We will sometimes denote this operator by u;.

Our definition of the Hecke operators at p differs slightly from that of previous
references on overconvergent cohomology, which made use of a choice of “right -
action”. Our definition is instead meant to be analogous to the one used in Emerton’s
theory of completed cohomology [Eme06al, Eme06b|. The two approaches will yield
the same eigenvariety. The only essential difference between the approaches is that,
to define a “right s-action”, one chooses a splitting of 0 — Ty — T — T'/Ty — 0, and
then uses this splitting to twist the Hecke operators so that T acts trivially.

Let S be the set of finite places at which K? is not maximal hyperspecial. Let A?’S

be the adeles away from p and S, and let K»° be the image of K? in A’}’S. We define
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the Hecke algebra
He = C <KP’S\G(A’JZ’S) /KPS x Ny \N; T~ Ny /NO‘,ZP> .

4.3. Topological properties of Hecke operators. In order to apply the spectral
theory introduced in section , we will need to choose a particular description of C}
as a limit of complexes of projective modules. We define an abelian group structure
on Ny by (n,n’) — exp(log(n) 4+ log(n')). This structure allows us to define the
projective modules D7) (Ny, A) for some arbitrarily chosen topologically nilpotent

unit o € A. We define
Chay = @ Homyr, (C4(T;), D" (Np, A)).
j

Lemma 4.3.1. For all sufficiently small r and all € > 0, the differential d : C’ﬁ\“ —

; i+1 i
C} extends to a map CY', . — C ...

Proof. 1t is enough to check that for sufficiently small r and all € > 0, left translation
by any v € I'; maps D@ (Ny, A) into D@7+ (Ny, A). This follows from the descrip-
tion of the action in section [4.1] along with Lemmas [3.3.1] and [3.3.5] and Proposition
B33 O

If r = (70, ...,7q) is chosen such that the differentials C’TO}WH — Cf o, are defined,

then we denote the corresponding complex by C3 , ...
Choose some t € T~ such that t ' Not C N}. Let H/, be the ideal of Hg generated

by Ug.

Lemma 4.3.2. There exists ro € RT so that for all r € (0,19), € € RT, and f €

s [ determines a continuous map C% . — C} and hence f determines a

a,r/p+e’

completely continuous map C5 ., — C5 ..
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Proof. We can show that Hecke operators away from p map Cf . into C5 , ., using
essentially the same argument as in Lemma [£.3.1} It remains to show that u; maps

Cz‘

Aa,r

into C?

N\ar/pre- Lhe action of u, can be built from functions of the form

[z] = A(t(u(2))) ()]
where ((z) takes the form
v(z) = ht 'n(n"2)t(n"x)t

for some n~ € Ny, h € I. (See for example [Eme06a, Lemma 4.2.19].) In particular,
n(u(z)) belongs to a single right coset of t"' Nyt C NJ. The argument proceeds as
before, except that we also need to use Proposition and Lemma [3.3.6 O

4.4. Characteristic power series. For any f € H;, we define the power series
det (1 — X f|C3) :=det (1 — Xf}C’;’aﬁ)

for any o, r for which the complex C% , . is defined and the u, operator is completely
continuous. Choosing a different o and r conjugates the matrix of f by a diagonal
matrix, so the power series does not depend on them.

Similarly, we define det (1 — X f|C}) to be det (1 — X f|C} ). Consider the Fred-
holm series

d
Pi(X) = Hdet (1— Xu|Cy) .
Suppose that P, (X) factors as Q4 (X)S,(X), with Q4 (X) € A[X], S, (X) € A{{X}},

that Q4 (X) and S, (X) are relatively prime, and that the leading coefficient of () (X)
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is invertible. Let Q% (X) = X48@+Q (X ~1). By [AIP, Théoreéme B.2], there is a de-

composition CY , . = N3, © Iy, where Q7 (u;) annihilates N, and acts invertibly

a,r? a,r

on F*

a7£7

and the NV ri,z are finitely generated and projective.

Lemma 4.4.1. For any o, ' and r,r" such that N2 . and N2, , are defined, they are

a,r o

canonically isomorphic.

Proof. Choose r" so that C§ , ,» injects into C§ , , and C} ... The operator 1— 5 (o)

T aur ol Q70

acts as the identity on N? . and for sufficiently large n, (1 — %ﬁ ((13))> factors through
L +

N3 .. So we get a canonical isomorphism N3, = N3 ,, and similarly there is a

a,r’”s

canonical isomorphism N3, ., = N§ .. O

Corollary 4.4.2. There is a decomposition Cy = N* @ F*, where Q% (u,) annihilates

N* and acts invertibly on F*, and the N* are finitely generated and projective.

5. BEISENSTEIN AND CUSPIDAL CONTRIBUTIONS TO CHARACTERISTIC POWER

SERIES

5.1. Preliminaries. In this section, we will write C¢ x, y for C3 to make it clear
which group we are considering. We will also assume that G(R) has discrete series,
since otherwise Urban’s eigenvariety will be empty.

In order to construct Urban’s eigenvariety, we need the characteristic power series of
the Hecke operators to be Fredholm series. However, the power series det (1 - Xf !C('; K, ,\)
includes contributions from both cusp forms and Eisenstein series, and the Eisenstein
contribution is generally only a ratio of Fredholm series. We will now define a complex
C% kv acusp Whose characteristic power series only includes contributions from cusp
forms. (This complex will only be useful for defining characteristic power series; we

make no attempt to remove the Eisenstein series from the cohomology.)
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We will mostly follow [Urb11} §4.6]. However, there is an error in the handling of the
Eisenstein series in [Urbl11] that we will need to correct. The region of convergence
of an Fisenstein series is generally not a union of Weyl chambers. (For example,
Sp(6) has two conjugacy classes of parabolic subgroups whose Levis are isomorphic
to GL(2) x GL(1). The region of convergence of Eisenstein series coming from these
parabolics contains one or two full Weyl chambers and fractions of three others.)
Consequently, the set W2L defined in [Urb11] should depend on the weight of the
Eisenstein series. A more careful argument is therefore needed to show that character
distribution [&f,o( f, 1) has a unique p-adic interpolation. In fact, it appears that the
character distribution of Eisenstein series coming from a single parabolic subgroup
will generally not have a unique interpolation. We will show, however, that the sum
of distributions coming from parabolic subgroups that have a common Levi will have
a unique interpolation.

We let W¢ denote the Weyl group of G. We let @, @/ denote the set of roots
and coroots, respectively, of the pair (Gg,, T'), where T is the torus chosen in section
. We let @/, (resp. @) denote the subset of roots that are positive (resp. negative)
with respect to B, and we make a similar definition for coroots. We let p denote half
the sum of the positive roots.

Let I be a finite extension of Q,. We say that p : Ty — F is an algebraic weight
if it can be extended to a homomorphism of algebraic groups Tp — (G,,)r. We say
that an algebraic weight u is dominant (resp. regular dominant) if (o¥, ) > 0 (resp.
> 0) for all ¥ € ®S".

Suppose that p is dominant. Then D,(g;{, F') has a (nonzero) quotient that is

a finite-dimensional F-vector space. We will write Lf for the corresponding local

system on either Sg(K) or S¢(K).
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Lemma 5.1.1. Let f = w;® f? € Hy,, and let p : Ty — F* be an algebraic dominant

weight. Then
det (1 — X f|C& x»,,) = det (1 — X fIH*(Sc(K),LS))  (mod Op[N (1, t)X])

where

N(u.t) = inf =D +p)|
(1,t) we‘;fg\{id}l lp

Proof. For the degree 1 term, this is [Urb11, Lemma 4.5.2]. The argument used there

also works for higher degree terms. O

In section [7] we will consider a family of weights having the property that for
any n € N, the set of points corresponding to regular dominant weights p satisfying
p™ | N(u,t) is Zariski dense. The characteristic power series for the whole family can
then be determined from the det(1 — X f|H*(S¢(K), L))

If 1 is regular dominant, then the cuspidal subspace of H'(S¢(K), LS) is the interior
cohomology H{(S¢(K), L) [LS04, §5.3], and furthermore (since we assume G(R) has
discrete series) the interior cohomology is nonzero only in the middle degree [BWO00,
Theorem IIL5.1]. Hence either det(1 — X f|H?(Sa(K), LS)) or its reciprocal is a
polynomial.

Our goal is to prove a version of Lemma in which C¢, ;, , is replaced by a com-

plex C%, k» that we will define, and H*(S¢(K), LS) is replaced by Hf (Sq(K), LS).

»H,CUSP

5.2. Cohomology of the Borel-Serre boundary. Eisenstein series arise from the
Borel-Serre boundary 9Sg(K) := Sq(K) \ Sq(K) of S¢(K). The boundary has a
stratification by locally symmetric spaces of parabolic subgroups of G.

We warn the reader that the Borel-Serre compactification of W slightly strange.

When constructing a locally symmetric space, one usually takes a quotient by the

identity component of either Z5(R) or Ag(R), where Ag is the Q-split part of Z5. In
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order to construct Urban’s eigenvariety, we need to choose the former option, but the
Borel-Serre compactification behaves better with respect to the latter. Consequently,
if M is a Levi subgroup of G, then the locally symmetric space for M should be
constructed by taking a quotient by the identity component of Zg(R)Ay (R) rather
than that of Z);(R). However, it will turn out that we only need to consider Levi
subgroups for which the two quotients are the same; see section for more details.

Let P be a parabolic subgroup of G, let N be the maximal unipotent subgroup of
P, and let M = P/N be its Levi quotient. Let K}, = K? N P(A%), Kp, = 1N P(Q,),
Kp = K Kp,. We can define a locally symmetric space Sp(Kp), and there is a

locally closed immersion

L: SP(KP) — Sg(K)

If P is another parabolic subgroup of G, then Sp(Kp) and Sp/(Kp/) will have the
same image in Sg(K) if and only if P(As) and P'(Af) are conjugate by an element
of K?I.

Let K7, Iy be the images of K75, Kpj, in M(A%), M(Q,), respectively. The group
Iy is an Iwahori subgroup of M. Let Ky = I K%,. The locally symmetric space

Sp(Kp) is a nilmanifold bundle over Sy (Kyr). We let
T SP(KP) — SM(KM)

denote the projection.

We can relate Rm,.*L§ to local systems on Sy (Ky) using the Kostant decompo-
sition [BW00, Theorem II1.3.1]. To define the local systems on Sy (K ), we first
need to choose a quasisplit torus Ty, of M. Since G(Q,) = P(Q,)I, we can choose
i € I so that ¢Ti"' C Py,. We let Ty be the image of ¢77" in M. We let w € Wg

be the minimal length element satisfying iw(Bg, )w™'i"" C Pg,. The isomorphism
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T = Ty defined by ¢ — jwtw™'i~! determines a length-preserving injection of Weyl
groups Wy < Wg. We let WM denote a set of minimal length coset representatives
of Wy \We.

We have the following isomorphism in the derived category of constructible sheaves

on SM<KM)

(5.2.1) Rr. L= @ Li i pll(w') — dim N

w'eWM
Here [(w') denotes the length of w’. To see that the splitting exists in the derived
category and not just at the level of cohomology, we observe that the Lf‘f_l(w, (i+p)—p)

have distinct central characters.

5.3. Hecke action. We will now define an action of Hg on the cohomology of
Sy (Kyr) by constructing a homomorphism Hg — Hy. The map Rm.* will be
equivariant for this action.

As explained in |[Urb11} Corollary 4.6.3], for any summand of with w # w/,
the Hecke eigenvalues of u, € H, acting on the cohomology of this summand will be
divisible by N(u,t). We therefore only need to consider the summand with w = w'.
(In fact we should ignore the other summands, because the corresponding Eisenstein
series are p-adic limits of cusp forms.) We are therefore only interested in the local
system

L) —p) = Lt (-1
Our definition of the homomorphism Hg — H s will be the same as that of [Urb11]

4.1.8], except that our convention for the Hecke operators makes some normalization

factors disappear. The Hecke algebra H¢ is generated by operators of the form wu; for

t €T and [K,gK,] forv ¢ S, g € G(Q,). We let u; € Hg act as tA=0"Dry, € Hyy
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The double coset K,gK, decomposes as a finite union |_|j K,p,K, with p; € P(Q,).
We let [K,gK,] act as } . [Karwm; K], where m; is the image of p; in M(Q,).

Lemma 5.3.1. The homomorphism Hg — Has defined above makes the map
R, H*(Sq(K), L) = H*(Sy(Knr), Ly, (1 1y,)[[(w) — dim N]
H-equivariant.

Proof. The argument is essentially the same as that of [Urb11, 4.1.8, 4.6.1-3]. U

5.4. Image of the map Rm,.*. To simplify some of the analysis that follows, we
will observe that some Levis have H*(Sy(Ku), Ly') = 0 for a Zariski dense subset
of weights p, and hence they cannot contribute to the characteristic power series.
The Levi M can have a nonzero contribution only if the following conditions hold

(see [Urbl1 Theorem 4.7.3(ii)’]):

(1) M(R) has discrete series.
(2) The center Z); of M is generated by its maximal split subgroup, its maximal

compact subgroup, and Zg.

Let T}, be a maximally compact maximal torus of M. Any choice of embed-
ding Q — C determines an action of complex conjugation on the cocharacter lattice
X.(T};/Zc). Choosing an identification of X,.(Ty/Zq) with X.(T},/Z¢c) gives an
involution

The two assumptions listed above guarantee that 6 is actually independent of all
choices. More specifically, the first assumption guarantees that T},/Z); is compact

and therefore the induced map X, (7},/Zn) — X.(T};/Z ) is minus the identity. The
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second assumption guarantees that the induced map X, (Zy/Zq) = Xu(Zy/Zc) is
independent of the embedding Q — C.
By [LS04} §3.2], the image of

Rr.* : H*(Sa(K),LS) = H*(Sm(Kum), LY, )[l(w) — dim N]

pt(l—w=1)p

can have nonzero intersection with the cuspidal part

HY (Sa(Kar), Lk 1y, [H(w) — dim N

wt

only if
(5.4.1) (@ w(l+0)(u+p)) <0 Va'edl \ o).

If the above equation holds and no Eisenstein series arising from M has a pole at
—w(p + p), then the image contains the cuspidal part. In particular, the image

contains the cuspidal part if (5.4.1)) is satisfied and
(5.4.2) (0¥, (14 0)m)] > 4 (¥, p)| Vo € DY\ 3.

The constraint is archimedean in nature, and therefore appears to provide
an obstacle to interpolating Eisenstein series p-adically. To get around this issue, we
will combine contributions from parabolic subgroups having common Levis.

We will call a Levi subgroup “relevant” if it satisfies the two conditions listed at the
beginning of this section, and we will call a parabolic subgroup relevant if its Levi is
relevant. Let Py be the set of relevant parabolic subgroups of GG, modulo the relation
that P, and P, are considered equivalent if Pj(As) and P»(Ay) are conjugate by an
element of KPI. Let P be the set of relevant parabolic subgroups of GG, modulo the
relation that Py and P; are considered equivalent if P, (Q,) and P(Q,) are conjugate
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by an element of I. Let M be the set of relevant Levi subgroups of G, modulo
the relation that M; and M, are considered equivalent if M;(Q,) and My(Q,) are
conjugate by an element of I. There are surjections Py — P — M.

Choose representatives of each element of Py and M. If P is the representative of
an element of Py and M is the representative of its image in M, choose a g € G(Q)
so that M C gPg~' and the image of g in G(Q,) is in I. This choice determines an
identification of M with the Levi quotient of P. We will sometimes identify elements
of Py and M with the chosen representatives.

Let M € M. Assume p is chosen so that is satisfied. Then there is exactly
one parabolic subgroup P, containing M for which will be satisfied: it is the

parabolic determined by the set of coroots oV satisfying
(@, (1+0)u) <O0.

So 1t determines a section M — P of the projection P — M. Let P, be the image
of this section, and let Py, be the preimage of P, in Py. At the end of section [5.2]
we associated each parabolic subgroup of G with an element of Wy; this association

determines a map w : P — Wg.

Lemma 5.4.3.
1w(P) = 5 (@G \ 5,) N6(@5\ @)

(1=0)(1 —w(B) ")p= > a

ag (@ \05,)NI(@E\2T,

In particular, l(w(P,)) and (1 — 0)(1 — w(P,)~")p do not depend on p.
Proof. By definition,

Hw(Fy) = {a € ®a\ i <C;2V (L4 0)u) >0, (", p) < 0}



Observe that if (a¥, u) < 0 < (", 0u), then exactly one of the inequalities
(@) <0< (o, (1+0)u), ((—=a’0), 1) <0 <{(=a"0),(1+0)u)

will be satisfied, and otherwise neither will be satisfied. This observation also proves

the second item. O

We will write {(M) for [(w(P,)) and p(M, p) for (1 —w(P,)™")p.

Now we are almost ready to write down an analogue of Lemma for cusp
forms. The boundary components of Sg(K) whose Eisenstein series contribute to
the characteristic power series det(1 — X f|H*(Sa(K), LS)) mod Op[N(u,t)X] are
in bijection with elements of Py ,. Given M € M, a choice of a preimage P of M
in Py, determines an open compact subgroup K%, of M (A?), as described in section
B.2 Let K%, be the collection of all such subgroups.

The analysis of the last few sections gives us the following identity.

Lemma 5.4.4. For any dominant algebraic weight p: T — F* satisfying ,

det(1 — X f|H*(S¢(K), LS))
det(1 — X f|H (Sa(K), L))

=TI TI det(t = XFIH(Sa(Ea) Ly (mod Op[N (. 1)XT)

MeM KA[EIC?W,;L

In order to interpolate the local systems p-adically, we need something slightly

more general.
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Proposition 5.4.5. For any dominant algebraic weights p: T — F* and po : T —

Fy* satisfying (5.4.2),

det(1 — X f|H*(Sa(K), LS))
det(1 — X f|Hp (Sa(K), LS))

= H H det(1 — Xle!.(SM(KM>7Lﬁﬁp(M,uo)»(il)

MeM KMGICJW,MO

dim N—1(M)

(mod Op[N(u, ) X])

Proof. We claim that local systems L M

st (M) Lt p(Mpg) BTE isomorphic. The isomor-

phism class of each local system depends only the restriction of the weight to A/der,

1-0

5~ acts as the identity on the character lattice of M der 5o the claim

The operator
follows from Lemma [5.4.3] Furthermore, the isomorphism of local systems induces an
H-equivariant isomorphism on cohomology. (The isomorphism on cohomology is not
H p-equivariant—the actions of u, differ by a factor of t?(M#)=r(M:0)  However, the
two homomorphisms Hg — H s also differ by the same factor, and so the differences
cancel each other.)

It remains to explain why can replace Kyr, with Ky ,,. Essentially, we need to

show that if 7 = 7, ® T, ® 77? is an automorphic representation of M, then

G(AD)
Z tr(1gr [7%) = tr(1xr] Indpu(g;;) )

P P
KMeICM,H

is independent of pu. By [BZ77, 2.9-2.10], for any place v, the composition series of
the local factor of Indgjﬁg) W? at v is independent of u. It follows that the trace of

1» does not depend on pu. ([l

5.5. The complex C¢ y; y sp- Now we fix an algebraic dominant weight po, and

let AT — A” be any weight. We define C¢, y; ., inductively, assuming that
34



analogous complexes have already been defined for M € M.

Cé:Kp:)HCUSP = Cé,Kp)\ ® @ @ O].\/[,ng,)\—l-p(M,po),cusp[Z(M) —dim N — 1]

P P
MeM KA{eICM7#O

Proposition 5.5.1. Let F' be a finite extension of Q,, let p: T — F* be an algebraic

dominant weight, and let f =u, ® fP € Hy,. If u is sufficiently general, then

det(1 — X f|C2 1 = det(1 — X f|H} (S¢(K), L)) (mod Op[N (g, 1)X]).

,,u,cusp)

Proof. By induction, we may assume that the proposition holds for all Levi subgroups

of .

det(1 — X f|C2 s

,,u,cusp)

=det(1 — X fIH*(Sa(K), L)) T] det(l = X FIH(Sa(Knn), LY yarg)) 0

MKy

= det(1 — X f|H?(So(K), L)) (mod Op[N (1, t)X])

where we used the induction hypothesis and Lemma [5.1.1| in the second line and
Proposition in the third line. We also use the fact that p(M, uo) is M-dominant,
and so Op[N(u+ p(M, 1), t) X] € Op[N(u,t)X]. O

The analysis of section 4.4/ applies equally well to C2, x , cuep- FOr any f € Hg, we
may define a Fredholm series det (1 — X f|C& xp 5 cusp) - 1 Pr(X) =TT, det (1 — X f|C& kv xcusp)
has a factorization Py = )5, with (), a polynomial with invertible leading coeffi-

cient, then this factorization induces a decomposition C’& K aeusp = VD F*.

6. THEORY OF DETERMINANTS

In order to construct the pieces of the eigenvariety, we will make use of the theory of
determinants. We will recall some basic definitions from [Chel4] and prove a lemma

concerning the ratio of two determinants.
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Definition 6.1. Let A be commutative ring, and let R be an A-module. An A-valued
polynomial law on R is a rule that assigns to any commutative A-algebra B a map
of sets Dg : R ®4 B — B that is functorial in the sense that for any A-algebra

homomorphism f: B — B,
DB’ @) <1dR ®f) = f 9] DB .

Let d be a nonnegative integer. We say that a polynomial law D is homogeneous
of degree d if
Dp(br) =b'Dp(r) VB,b€ B, r€ R4 B.

Now assume that R is an A-algebra. We say that a polynomial law D is multiplica-
tive if
Dp(1) =1, Dg(rr')=Dg(r)Dp(r') VB,r,r € R® B.
We say that a polynomial law D is a determinant of dimension d if it is homogeneous

of degree d and multiplicative.

Let M be an R-module that is projective of rank d as an A-module. Then the rule

that sends r € R®4 B to det(r|M ®4 B) is a determinant of dimension d.

Lemma 6.2 ( [Rob63, Proposition I.1]). Let A be a commutative ring, and let R be an
A-module. Let D be an A-valued polynomial law on R that is homogeneous of degree

d, let n be a positive integer, and let ry,...,r, € R. Then Darx, .. x,|(Xir1+...+X,m0)

.....

15 a homogeneous polynomial of degree d in Xy, ..., X,.

Lemma 6.3. Let A be a commutative ring, let R be an A-algebra, and let DT, D~
be A-valued determinants on R of dimension d,, d_, respectively, with d. > d_.

Let d = d, —d_. There is at most one determinant D of dimension d satisfying

D%(r) = Dgz(r)Dg(r) for all A-algebras B and allT € R ®4 B.
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The following are equivalent:

(1) There exists a determinant D satisfying the above condition.

(2) For any commutative A-algebra B and r € R ®4 B,
DE[[X}](l + XT)/D;%[[X]](l + Xr)

18 a polynomial of degree at most d in X.

(3) For any positive integer n and ry,...,17, € R,

DZ[[Xl ..... Xn]]<1+X1T1++ann)/D,Z[[X1 Xn]]<1—|—X17’1 +—|—Xn7"n)

.....

18 a polynomial of total degree at most d in Xy, ..., X,,.

Proof. If Dz(r) is a unit, then we we will define F(r) := Di(r)/Dg(r).

If D is a determinant satisfying the conditions of the lemma, then Fpy(1+Xr) =
Dppxp(1+ Xr) for all B, r € R®4 B. Furthermore, Dp(r) must be the coefficient of
X% in Dppxy(1 + Xr), since functoriality implies that both of these quantities must
equal the coefficient of X? in Dpixy)(Y + X7r). So D is uniquely determined if it
exists.

Lemma [6.2] proves (1) = (3), and (3) = (2) follows from functoriality.

Now we will show that (2) = (1). Assume that condition (2) holds. We define

Dpg(r) be the coefficient of X in Fpyj(1+4 Xr). We know that D},

ppxg (L +X7) (resp.

Dipixy
d) and the coefficient of X% (resp. X9, X?) is DL(r) (resp. Dyz(r), Dgp(r)). So
Dy(r) = Dg(r)Ds(r).

It remains to show that D is a determinant. Since D, D~ are functorial, D is as

(1 4+ X7), Fpxy(1 + Xr)) is a polynomial of degree at most d; (resp. d_,

well. To show that D is homogeneous of degree d, we observe that the map X +— bX
multiplies the coefficient of X* in Fppxp(1 + Xr) by b%.
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Finally, we check that D is multiplicative. We have Fppyj(1 + X) = (1 + X)4,
so Dp(1) = 1. Observe that D(rir2) is the coefficient of (X;1X5)% in Dpy, x,)(1 +
X1Xor7r9), while D(r1)D(ry) is the coefficient of (X;X5)¢ in Dpx, xo (1 + Xar1 +
Xorg + X1 Xorire). The equality of these coefficients follows from Lemma applied

to 1,7’1,7"2,7’17’2. O

Definition 6.4. Let D be an A-valued determinant on R. We denote by ker(D) the

set of r € R such that for all B and all " € B®a R, Dg(1+1'r) = 1.

7. CONSTRUCTION OF THE EIGENVARIETY

7.1. Weight space and Fredholm series. Now we return to the setup of sections
MH5l We continue to assume that G(R) has discrete series. Let 7" be the quotient of
Ty by the closure of Z(Q)GL K? N'Ty. We define the weight space

W = SpalZ,[T'], Z,[T'])™

Let U = Spa(A, A™) be an open affinoid subset of W with A a complete Tate ring.
Let A : Top — A* be the tautological character induced by the map Ty — 1" — Z,[1"].

For any f € Hg ®z, A, let
° (71)d/2
Pr(X) :=det (1 - Xf|CG,KP,)\,cuSp) :

Note that d = dim Sg(K) is even since G(R) has discrete series. If V is an open
subspace of W, and [ € H¢, ®z, Ow(V), then we can define Py(X) by gluing.

Definition 7.1.1. Let V be an open subspace of W. A series f € Oy (V)[X] is
called a Fredholm series if it is the power series expansion of some global section of

VY x Al and its leading coefficient is 1.
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This definition agrees with Definition if V = Spa(A4, AT) with A a complete

Tate ring.

Proposition 7.1.2. For f € Hy, the series Py(X) € Ow(W)[X] is a Fredholm

series.

Proof. Tt suffices to check that the restriction of Py to each irreducible component V
of W is a Fredholm series. The ring Oy (V) = O5;(V) is just the completed group ring
of the torsionfree part of T7”. In particular, this ring is adic, and its topology is induced
by any norm corresponding to a Gauss point of V. So it suffices to check that the
restriction of Pr(X) to some Gauss point of V is a Fredholm series. The Gauss points
are characteristic zero points, so we may apply the argument of [Urbl1, Theorem

4.7.3iii] along with Proposition [5.5.1] O

We will write P(X) for P,,(X). We define the spectral variety Z C W x A! to
be the zero locus of P(X), and we define w : Z — W to be the projection. We also
define

Py(X) =[] det (1 = Xw|CE o rcusp) -

7.2. Pieces of the eigenvariety. Now we construct the individual pieces of the
eigenvariety. Let z € Z. By [AIP], Corollaire B.1], there exists an open affinoid
neighborhood U = Spa(A4, A™) of w(z) and a factorization P, (X) = Q4 (X)S+(X),
with Q1 (X) € A[X], S{(X) € A{{X}}, such that Q,(X) and S, (X) are relatively
prime, () vanishes at x, and the leading coefficient of (), is invertible. The factoriza-
tion of P, induces a factorization P(X) = Q(X)S(X) satisfying similar properties.
The factorization also determines a sub-complex N* of C rp ) cusps @8 described in

sections [4.4] and [£.5]
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Proposition 7.2.1. Let D" be the determinant associated with the action of Ha®z, A
on @Ed/w) N?, and let D~ be the determinant associated with the action of He ®z, A
on Di—q/211(2) Nt. Then there exists a determinant D so that D™ = DD~ .

Proof. Let R = Hg ®z, A. As before, if B is an A-algebra and » € R ®4 B has the
property that Dy(r) is invertible, we write Fp(r) for the ratio Df(r)/Dz(r).

First, we will show that for any r € R, the polynomial DZ[X](l + X7) divides the
polynomial Dj[ X (1+Xr). It suffices to check that this holds at a Zariski dense subset
of points of «. By |Urbl11, Lemma 4.1.12 and Theorem 4.7.3iii], it holds at all rigid
analytic points. So D (1 + X7) divides D} (1 + X7), and hence Fapx(1 + X7)
must be a polynomial.

For any z € Z,, Fapxy(1 + X(r + 2)) is a polynomial. Let dy and d_ be the
dimensions of Dt and D™, respectively, and let d = d. — d_. For almost all z,
D)
degree at most d. So Fapxj(1+ Xr) = (1 — X2)*Fapxp(1 + X(1 — X2)7!(r + 2)) has

(1+X(r+2)) has degree d_; choose one such z. Then Fupxj(1+ X (r +2)) has

degree at most d as well.
Next, we observe that, since Fupxy(1+X (2171 +...+2,7,)) is a polynomial of degree

.....

at most d for all 21, ..., 2, € Zp, 71,...,70n € R, Fagx,,.. x, (1 + Xir + .. + X,ry,) must

be a polynomial of total degree at most d. Then we may apply Lemma [6.3] O

We let hy g, = (Ha ®z, A)/ ker(D). Since ker(D) contains any operator that an-
nihilates N°®, hy o, must be finitely generated as an A-module. We use the extension
hu,q, — A to construct an adic space &, g, over U as follows. We give hy o, the
“A-module topology” defined in |[Hub94, Section 2], and we let h&Q be the normal

closure of A" in hyq. We define &, = Spalluq,, g, )-
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Since Q*(X) is the characteristic polynomial of u acting on N°®, it follows from
[Cheld, Lemma 1.12iv] that Q*(u) is in ker(D), and so there is a canonical map

gM,Q+ — Z.

7.3. Gluing. We will glue the &, ¢, as in [Buz07, Section 5]. We need the following

lemma to verify that the pieces can be glued.

Lemma 7.3.1. IfU' C U, then there is a canonical isomorphism &y g, = Eug, Xu

u'.

Proof. The restriction map Ow(U) — Ow(U') is étale by [Hub96, Proposition 1.6.7i
and Corollary 1.7.3iii]. By [Ryd08, Theorem 1.2.3.2], hy g, = hu,o, ®o,,w) Owld').

Since hy g, is finite over Ow (U’), it follows that &g, = Euo, xull'. O

One can also show, using essentially the same proof as [Urbl11, Proposition 5.3.5],

that if Q4 and @, are relatively prime, then there is a canonical isomorphism

Eug.q, = Cug, Uéug, -

Theorem 7.3.2. The &g, can be glued to form an adic space €. Furthermore, £ is
equidimensional in the sense of [Hub96, Definition 1.8.1] and the morphism €& — Z

1s finite and surjective.

Proof. To show that the morphism & — Z is finite, we observe that Z can be covered
by open sets whose preimage in £ is contained in some &, ¢, . The finiteness of the
morphism & — Z then follows from the finiteness of the maps &, o, — U.

Now we check that the morphism is surjective. Let z € Z, and let k be the residue
field of z. Observe that Spec Hg — Spec Zy[us] is surjective, so Hg ®z,[,] k cannot
be the zero ring. The image of ker(D) in Hg ®z, (4, k is contained in the kernel of
the base change of D to Hg ®z,u,) k. Therefore the image of ker(D) cannot be the

unit ideal, and so there must be a point of £ lying above z.
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Finally, we show that £ is equidimensional. The characteristic zero locus of WW can

be covered by open affinoids & = Spa(A, A™) with A an integral domain. Then for

any @, hy g will be a torsionfree A-module, so the portion of £ lying over ¢ will be

equidimensional. For any affinoid & = Spa(A, AT) C X, p is not a zero divisor in A,

so £ cannot have any components that consist solely of characteristic p points. [
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